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Abstract 
The study of the betweenness relations defined by metrics leads to a geometric problem that 
yields an upper bound to Turfin's number T(n, 5,3). @ 1998 Elsevier Science B.V. All rights 
reserved 
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0. Introduct ion 
Every finite metric space (X,m) can be isometrically embedded into R n endowed 
with the Max-metric for some n E N. The minimum of such n is called the dimension 
of m (see Section 1). 
The origin of the problem analyzed in this paper is to give a lower bound to the 
cardinal of the betweenness relation B determined by a metric of dimension 2 on a 
finite set X. A geometric representation of B in this case leads to a geometric ombi- 
natorial problem (Section 2) that yields an upper bound to Turfin's number T(n, 5,3) 
(Section 3). 
Recall that Turfin's number T(n, 5,3) is defined [4,6,12,13] to be the minimum 
number of subsets of  three elements of a set A of  n elements that we can have with 
the condition that every subset of A of  five elements contain at least one of these 
3-element sets. 
Turfin conjectured that if n is even, then 
T(n, 5 ,3 )=2 . (1) 
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Defining T*(n,5,3) by 
T*(n, 5 ,3 )= ( (n+1) /2 )3  
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+ 
if n is even, 
( (n  31)/2) i fn i sodd  , 
constructive xamples of Section 3 prove the inequality 
T(n, 5,3)<~T*(n, 5,3) for a l lnEN.  
For the sake of completeness, Section 1 is devoted to some preliminaries on metric 
spaces. 
I. Preliminaries 
A pseudometric on a set X is a map m :X × X --~ R + satisfying 
m(x,x)=O VxEX, 
m(x,y)=m(y,x)  Vx, yEX,  
m(x,y)÷m(y,z)>~m(x,z) Vx, y, zEX. 
A metric on X is a pseudometric m on X that also satisfies 
m(x,y)=O ~ x=y.  
Theorem 1. Given a finite set X, a map m :X × X ~ ff~ is a pseudometric on X if 
and only if there exists a set {hi,h2 .... ,hn} of maps of X into ~ such that for all 
x, yEX 
m(x, y )= Max [hi(x) - hi(Y)l. 
i=l,2,...,n 
Proof. See Frrchet [8]. [] 
The minimum of the cardinals of such generating sets is called the dimension of m. 
Definition 2. A finite metric (X,m) is of dimension d if and only if it can be isomet- 
rically embedded into •d endowed with the Max-metric mMax, but not into R d-l. 
It is known since Frrchet that the dimension of a finite metric (X,m) of cardinal n 
is less than or equal to n -  1 [8,11]. Wolfe improved this bound to n -  2 for n~>4 
[9, 15]. 
A metric m on a set X defines a metric betweenness relation B on X [1,3,10] in 
the following way: 
(x,y,z)EB i f andon ly i fm(x ,y )+m(y ,z )=m(y ,z )  x~ y~z~x.  
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If (x ,y ,z )cB  we say that y is between x and z and if given three different elements 
x, y,z of X we can find one of them between the two others, then the betweenness 
relation is called total or linear. 
If  X is finite of cardinal n, this is clearly equivalent to the fact that the cardinal of 
B is 2(~). (The factor 2 because (x, y,z) E B ~ (z, y,x) E B.) 
2. The statement of the problem 
The origin of  the problem studied in this paper is to give a necessary condition for 
a metric on a finite set X to be of dimension 2. 
Let X={x l ,x2  . . . . .  Xn} be a finite set of cardinal n and m a metric on X of 
dimension 2. Then m can be generated by two maps hi,h2 of X into R. 
Each hi, i = 1,2, generates a pseudometric mi given by 
mi(x,y)= Ih~(x)- hi(y)l Vx, yEX.  
m=sup(ml,m2) defines a betweenness relation B. The cardinal of B depends on the 
display and order of  the points hi(x j), i = 1,2, j = 1,2 .... , n in ~. 
A lower bound to this cardinal is wanted and it can be found after the following 
geometric representation of B (Fig. 1): 
Draw three different parallel lines tl, r, t2 on a plane such that the distances between 
tl and r and between t2 and r coincide and call 7zl, rt2 the closed semiplanes determined 
by r containing tl, t2, respectively. 
h.(,,) 1 h,~j/\~L~,) \h,~,~ 
t l  
7" 
~2 
Fig. 1. 
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Choose arbitrary origins on tl and t2, mark the points hl(xi) in tl and h2(xi) in t2, 
i=  1,2 .... ,n, and draw the lines li determined by hl(xi) and h2(xi), i=  1,2 .... ,n. 
Let us suppose for the moment that the lines li, i=  1,2 .... ,n, are not pairwise 
parallel and set Pij = li f-) lj, i , j  = 1,2 . . . . .  n, i <j .  
Then P~/C rCl if and only if [hl(xi) - hi(xj)[ ~[h2(xi) - h2(xj)[ and lPij E 7re if and 
only if [hl(xi) - hl(xj)[ >~ Ih2(xi) - h2(xj)[. 
Given three different elements xi,xj,xk of X one of them is between the others two 
(i.e. a triple of them in some order belongs to B) if and only if 
[h2(xp) -- h2(xq)[ ~ Ihl(Xp) 
Ih2(xp) - h2(xq) I<~ Ihl(xp) 
Therefore, xi,xj,xk determine a 
-h l (xq)] ,  p ,q -= i , j , k  p¢q  or 
-h i (xq)[ ,  p ,q - - i , j , k  pCq 
triple of B in some order if and only if the triangle 
PijPjkPik lies in n2 or in rq and the cardinal of B is equal to two times the number of  
triangles determined by the lines li, i=  1,2, . . . ,n contained in nl and in n2 or, equiv- 
alently, to two times the number of triangles determined by the lines li, i = 1 ,2 , . . . ,n  
not split by r. 
I f  some pairs of  the lines li, i = 1,2 . . . . .  n are parallel, after a slight modification 
of the points h2(xj), i=  1,2 .... ,n a set of new lines I~, i=  1,2 . . . . .  n can be obtained 
which are not pairwise parallel and without two of them meeting on r corresponding 
to a new metric defining a betweenness relation contained in B. 
For instance, choosing a suitable and sufficiently small e>0,  we can change the 
points  h2(xi) by the points ht2(xi)-~(1 + ~)h2(xi), i=  1,2 . . . . .  n in such a way that the 
new lines l~ determined by h l (xi) and h~z(Xi), i = 1, 2 . . . . .  n are not pairwise parallel and 
such that each of the new points ~ ~ r Pij = li A l~ remains in the same semiplane determined 
by r as Pij, if Pij is not in r, and with no P~j in r, i , j  ~ l, 2 , . . . ,n ,  i< j .  In this way, 
we obtain a figure corresponding to a metric defining a betweenness relation contained 
in B. 
Translating the origin of tz if necessary, we can also assume that no three lines of 
/ / 
the set {l l, l 2 .... , l~n} meet in a point. 
Therefore, the problem of finding a lower bound to the cardinal of the betweenness 
relation defined by a metric of dimension 2 on a finite set X of  cardinal n has turned 
out to be equivalent o the following geometric one: 
Problem 3. Let L = {ll, 12 . . . . .  In} be a set of  n not pairwise parallel straight lines on 
a plane such that no three of  them meet in a point. The lines ll, I2 . . . . .  In determine 
(3) triangles. Every straight line r on the plane not parallel to any Ii does not split a 
certain number k~ c of these triangles. 
Find a lower bound to k~. 
3. The solution of the problem 
The solution of  the problem is given in the following theorem: 
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Fig. 2. 
Theorem 4. Let L = {ll, 12,.,., In} be a set of n not pairwise parallel straight lines' 
in a plane such that any triple of them does not meet in a point. Every straight line 
r on the plane not parallel to any li does not split a certain number k~ of these 
triangles. The number k~ satisfies: 
(a) kLr>~T(n, 5,3); 
(b) For each n 6 ~ a set L of lines and a line r can be Jbund with k~ = T*(n, 5, 3). 
Fixing a direction on the line r, let us consider the angle ~i determined by r and l, 
counted in anticlockwise sense from r on (Fig. 2). Since two different lines li, lj of L 
are not parallel, ~i :fi ~j, if i J : j .  For each line li of L set Pi = li A r. We can always 
suppose that the lines of  L are numbered in such a way that there is no Pj between 
Pi and Pi+l. Then three lines li, [j, lk of L determine a triangle not split by r if and 
only if 
~i<~j<~k and i< j<k  or ~i>~j>~k and i< j<k .  
Therefore, Theorem 4 is equivalent o 
Theorem 5. Let an=(al,a2 . . . . .  an) be a permutation of {1,2 . . . . .  n}. We say that 
ai, ai, ak determine a triangle if and only if 
ai<aj<ak and i< j<k  or ai>aj>ak and i< j<k .  
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The number k~,, of triangles determined by a n satisfies: 
(a) k~,>>-T(n, 5,3); 
(b) For each n ~ ~ a permutation an can be found such that k~,, = T*(n, 5,3). 
Proof. 
(a) It is possible to give four (natural) numbers in such an order that there are not 
three of  them neither in increasing nor in decreasing order (for e.g. (2, 1,4, 3)). 
Nevertheless, given five (natural) numbers in a certain order, there is always a 
triple of them in increasing or in decreasing order. 
(b) For each n E t~ it is easy to give a permutation an such that k~,, is equal to 
T*(n, 5, 3), namely: 
if n is even, take o" n ~--- (~ ,  ~ - -  1, ~ - 2 . . . .  ,1, n, n - 1 . . . .  , ~ + 1) 
n+l i fn  is odd, take an=(n--12 ' 2 ' 2 ' ' ' ' n -3  n-S 1,n,n-  I,...,--T- ~. [] 
Corollary 6. T(n, 5, 3) ~< T*(n, 5, 3) for n C ~. 
The next corollary gives a lower bound for the cardinal of  the betweenness relations 
generated by metrics of dimension 2 on a finite set. 
Corollary 7. Let X be a finite set of cardinal n. 
(a) I f  m is a metric of dimension 2 on X generat&g the betweenness relation B, the 
cardinal b of B satisfies b>>-2T(n, 5,3). 
(b) A metric m of dimension 2 on X can be found with b=2T*(n, 5,3). 
Remark 8. As pointed out by one of the referees, Theorem 4 remains valid without the 
restrictions on the set L if we accept some degenerate figures: three lines meeting in a 
point, three parallel lines, and three lines with two of them parallel define a degenerate 
triangle. 
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